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Abstract  

  In this paper, the existence and uniqueness of the solution for the two-dimensional non-linear 

Fredholm integral equation are established using the fixed-point theorem, incorporating 

Adomian's approximation and the Lipschitz condition. We derive the approximate analytical 

solution Using the Adomian polynomials (Adomian decomposition method( ADM))  and 

compare it directly with the exact solution using MATLAB. Furthermore, we present various 

cases solved both analytically and numerically, evaluating each against the exact solution. The 

findings demonstrate a rapid convergence rate for ADM, confirming its superior computational 

efficiency in Two-dimensions. 

Keywords : Two-dimensional Fredholm integral equation , Adomian Decomposition   

Method,  Approximate solution, Numerical solution, Absolute error. 

كثيرة حذودياث انتحهيم انُظري وانحهول انتقريبيت نهًعادلاث انتكايهيت غير انخطيت يٍ َوع فردهونى ثُائيت الأبعاد باستخذاو 

 MATLAB وبرَايج  ( ADM) ادويياٌ

 انًهخص

م نهًؼادنح انركايهٍح غٍش انخطٍح يٍ َىع فشدهىنى ثُائٍح الأتؼاد تاسرخذاو َظشٌح فً هزا انثحث، ذى إثثاخ وجىد ووحذاٍَح انح 

 انحم انرحهٍهً انرقشٌثً تاسرخذاو طشٌقح أدويٍاٌ انركشاسٌح ذى اٌجادقذ نانُقطح انثاترح، يغ ديج ذقشٌة أدويٍاٌ وششط نِثسشرز. و

ػلاوج ػهى  MATLAB يغ انحم انذقٍق تاسرخذاو تشَايجيثاششج  وذًد يقاسَره  (ADM) تاسرخذاو كثٍشج حذودٌاخ ادويٍاٌ

، ADM ًقاسَح تانحم انذقٍق. وذظُهش انُرائج يؼذل ذقاسب سشٌغ نطشٌقحان رنك، َقُذوّ حالاخ يخرهفح ذى حهها ذحهٍهٍاً وػذدٌاً، يغ

 .فً انثؼذ انثاًَ انفائقح يًا ٌؤكذ كفاءذها انحساتٍح

 انخطأ، انحم انؼذدي، انحم انرقشٌثً ،انرفككٍح أدويٍاٌطشٌقح  ،ثُائٍح الاتؼادح كايهٍانر فشدهىنى: يؼادنح انكهًاث انًفتاحيت

 انًطهق

1-  Introduction 
Integral equations are very important because they help us model many physical and engineering 

problems [8, 11, 12]. Among these, two-dimensional (2D) non-linear Fredholm integral 

equations have become popular because they can describe real-world phenomena that change 

across different spaces [1, 2, 6, 10]. However, finding the exact solutions for these equations is 

usually very difficult or even impossible, because the non-linear parts and the 2D domains make 

the math highly complex [3, 7, 12]. This is why developing practical and efficient approximation 

https://orcid.org/0009-0000-2510-834X
mailto:s.abdulmumin@zu.edu.ly
https://orcid.org/0009-0000-6295-9805
mailto:am.aldhabaa@zu.edu.ly
mailto:a.bilkour@zu.edu.ly


Theoretical Analysis and Approximate Solutions of Two-Dimensional Nonlinear Fredholm 
Integral Equations Using Adomian polynomials (ADM) and MATLAB 

 

0025 
 

methods is a main focus in applied mathematics today. The general form non-linear Fredholm 

integral equation of the second kind given by 

 

 (   )   (   )   ∫ ∫  (       ) (     (   ))                         ( ) 
 

 

 

 

 

Here,  (       ) and   (   ) are known functions in the space  ([   ]  [   ]) with ‖ ‖ [  ] , 

and they are called the kernel and the free term of the non-linear Fredholm integral equation, 

respectively. Also,  (     (   ))is known continuous function, while  (   ) is unknown 

2- The Adomian decomposition method [1, 2, 3, 4, 7, 8,9,10] 

     Introduced by George Adomian in the 1980, the Adomian Decomposition Method (ADM) is 

a powerful analytical and semi-analytical technique widely utilized for solving complex 

functional equations. The pivotal innovation of this method lies in its elegant treatment of 

nonlinear terms, which are decomposed into a series of specially generated polynomials known 

as Adomian Polynomials. Consequently, when extended to two-dimensional nonlinear 

Fredholm integral equations of the second kind, ADM provides distinct computational 

advantages. It circumvents the need for discretization or linearization, offering a rapidly 

converging continuous solution in the form of an analytic series. 

       This method consists of decomposing the unknown function  (   ) of any equation into a 

sum of an infinite number of components defined by the series: 

 (   )  ∑   (   )                                                                                    ( ) 

 

   

 

where all the components   (   )     can be computed is recursive manner. The non-linear 

function  (     (   )) of Eq. (1) is presented by the adomian series  

 (     (   ))    (   )  ∑   (   )                                                (  )
 

   
 

 But how do we actually find these Adomian polynomials     To make it easy, we temporarily 

introduce a placeholder variable,  This lets us rewrite our unknown function as a moving power 

series 

 ( )  ∑   
 

   
   

 By taking successive derivatives of our nonlinear function with respect to this placeholder   

and then setting     clear away the scaffolding we get a universal formula to generate each 

polynomial 

   
 

  

  

   [ (∑   
 

   
  )]
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Applying this formula yields the first four polynomials 

    (  ) 

      
 (  ) 

      
 (  )  

 

 
  

    (  ) 

      
 (  )       

  (  )  
 

 
  

     (  ) 

…………………………. 

Substituting  (2 ) and (3) in to (1) gives  

∑   (   )

 

   

  (   )   ∫ ∫  (       ) (∑   (   )
 

   
)

 

 

                             ( ) 
 

 

 

The recurred relation is used to determine the components  

  (   )    (   )   (   ) 

  (   )   ∫ ∫  (       )  (   )    
 

 

 

 

 

  (   )   ∫ ∫  (       )  (   )    
 

 

 

 

 

  (   )   ∫ ∫  (       )  (   )    
 

 

 

 

 

………………………………………….. 

  (   )   ∫ ∫  (       )    (   )    
 

 

 

 

 

It is possible to rewritten equation ( 4) as 

∑   (   )

 

   

   (   )    (   )    (   )                                                                           ( )  

Where  
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{
 

 
  (   )   (   )

           

    (   )   ∫ ∫  (       )  

 

 

(   )    
 

 

                                                              ( ) 

The solution of each component               are absolutely find. As a result, the 

solution  (   ) of (1) in series from is obtained by using the decomposition (2). 

3- The existence and uniqueness of the solution [2,5,6,10,11] 

     In this the section, we give proof for existence and uniqueness of solution for two-dimensional 

non-linear Fredholm integral equation (1) in the Banach space  ([   ]  [   ]) with ‖ ‖, under 

the following conditions: 

a) The kernel  (       ) satisfies the condition 

| | {∫ ∫ ∫ ∫ | (       )|         
 

 

 

 

 

 

 

 

}

 
 

    

where   is a small enough constant. 

b) The given function  (   ) and its partial derivatives with respect to     are continuous, and 

its norm in  ([   ]  [   ]) with ‖ ‖is defined as 

‖ (   )‖  [∫∫| (   )|     

 

 

 

 

]

 
 

    

c) The unknown function  (   ) satisfies Lipschitz condition for the arguments       

{∫∫| (     (   ))   (     (   ))| 
 

 

 

 

}

 
 

   

if  

‖ (     (   ))   (     (   ))‖   ( )                    

Theorem  

       Using the previous conditions, the solution of (1) is exist and unique , where | |  
 

 
 . 

Proof: 

     We will prove this theorem by another way which differs on [ 5]’s proof, which is considered 

a new method of proof. We will use Adomian decomposition method to prove this theorem. First, 
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we will prove the exist solution of equation (1) , by we set the function    (   )   (   ), then 

the other components constructing as follows 

  (   )   ∫∫  (       ) (      (   ))     

 

 

 

 

                  

                        ∫ ∫  (       ) (   )    

 

 

 

 

              

  (   )   ∫∫  (       ) (      (   ))    

 

 

 

 

           

…………………………………………. 

  (   )   ∫ ∫  (       ) (        (   ))    

 

 

            

 

 

 

Now, taking the norm of both sides produces 

‖  (   )‖   ‖ ∫∫  (       ) (        (   ))

 

 

 

 

    ‖ 

                             | |‖∫∫  (       ) (        (   ))

 

 

 

 

    ‖         

For    , we have 

‖  (   )‖  | |‖∫∫  (       ) (      (   ))

 

 

 

 

    ‖     

then applying the Cauchy-Schwarz inequality, we get 

‖  (   )‖  | | {∫∫ |∫ ∫| (       ) (      (   )    |

 

 

 

 

|

  

 

 

 

    }

 
 

 

 | |{∫ ∫ ∫ ∫| (       )|         

 

 

 

 

 

 

 

 

}

 
 

‖ (      (   ))‖ 
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Now, by using conditions (a) and (b), we obtain 

‖  (   )‖  | |                                       

where   | | , and for n=2 

‖  (   )‖  | | {∫∫ |∫ ∫| (       ) (      (   ))    |

 

 

 

 

|

  

 

 

 

    }

 
 

             

 | | ‖ (      (   ))‖   (  )               

                         

‖  (   )‖                                                 

Where  | |  
 

 
 , then the sequence   (   ) uniformly convergent. Hence, we get 

 (   )  ∑   (   )

 

   

       

since each of   (   ) is continuous, convergent and represents the existence of the solution 

equation (1). 

     Second, we prove the solution of equation (1) is unique, assume  (   ) is another solution, 

hence 

[ (   )   (   )]   ∫ ∫  (       )[ (     (   ))   (     (   ))]    

 

 

 

 

     

Now, taking the norm of both sides produces 

‖ (   )   (   )‖  ‖ ∫ ∫  (       )[ (     (   ))   (     (   ))]    

 

 

 

 

‖   

Applying Cauchy-Schwarz inequality, we have 

‖ (   )   (   )‖ 

 | |{∫ ∫ |∫∫| (       )[ (     (   ))   (     (   ))]    |

 

 

 

 

|

  

 

 

 

    }
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           | | {∫ ∫∫ ∫| (       )|         

 

 

 

 

 

 

 

 

}

 
 

{∫∫| (     (   ))

 

 

 

 

  (     (   ))|     }

 
 

   

then using conditions (a) and (c), we obtain 

‖ (   )   (   )‖  | |          

since | |  
 

 
 and      , then  (   )   (   )   

Example1. consider two-dimensional nonlinear fredholm integral equation [12]  

 (   )       
 

  
   ∫ ∫ (    )

 

 

 

 

[ (   )]      

Using the Adomian Decomposition Method, we express the unknown solution  (   )  as an 

infinite series 

 (   )  ∑   (   )
 

   
 

We also break down the nonlinear part  using Adomian polynomials    Eq.of  (6) 

 

the initial component of the decomposition series is  

  (   )    (   )       
 

  
   

By applying the Adomian Decomposition method recurrence relation , 

  (   )  ∫ ∫ (    )
 

 

 

 

[     
 

  
  ]

 

     

 (
 

  
 

 

   
 

 

     
)   

Next, the overall solution is assembled by adding the calculated components into the infinite 

decomposition series: 

 (   )              

Substituting our explicit expressions into this series gives the multi-term approximation 
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 (   )       
 

  
   (

 

  
  

 

   
 

 

     
)      

As n → ∞, the limit  the term    vanishes and transforms into the exact solution 

 

 (   )       

Table 1. Numerical comparison between the exact and Adomian solutions. 

x y Exact Solution Adomian Solution Absolute Error 

0.25 0.25 0.003906 0.003893 1.34 × 10⁻⁵ 

0.25 0.50 0.015625 0.015598 2.68 × 10⁻⁵ 

0.25 0.75 0.035156 0.035116 4.02 × 10⁻⁵ 

0.25 1.00 0.062500 0.062446 5.36 × 10⁻⁵ 

0.50 0.50 0.062500 0.062446 5.36 × 10⁻⁵ 

0.50 0.75 0.140625 0.140545 8.05 × 10⁻⁵ 

0.50 1.00 0.250000 0.249893 1.07 × 10⁻⁴ 

0.75 0.75 0.316406 0.316286 1.21 × 10⁻⁴ 

0.75 1.00 0.562500 0.562339 1.61 × 10⁻⁴ 

1.00 1.00 1.000000 0.999785 2.15 × 10⁻⁴ 

Table 1 
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Figure.1                                                                                      Figure .2  

Figure 1.  3D surface plot comparison between the exact solution (left) and the Adomian 

    decomposition method (right) for the original equation.  

Figure 2. Absolute error distribution map for the ADM solution across the domain [0.25,1] 

Result and discussion.1  

Table1 presents a numerical comparison showing that the Adomian method yields results 

remarkably close to the exact solution. Note that boundary points where     or     are 

excluded from the discussion because both solutions equal exactly zero, making the absolute 

error a perfect zero. 

For the remaining points, the method maintains exceptional accuracy. The error starts at a 

minimal             at (         ) and reaches a tiny maximum of just             at (   )  

This high precision, achieved using only the first few components, demonstrates how fast and 

reliable this method is without requiring significant computational effort. 

Example.2 consider two-dimensional nonlinear fredholm integral equation 

 (   )      ∫ ∫ (   )    ( (   ))     
 

 

 

 

 

 (   )      (   )∫ ∫    ( (   ))     
 

 

 

 

 

Using the Adomian Decomposition Method, we express the unknown solution  (   )  as an 

infinite series 
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 (   )  ∑   (   )
 

   
 

We also break down the nonlinear part     ( ) using Adomian polynomials    

   ( )  ∑   

 

   
 

The requrrence relation are 

  (   )      

    (   )     ∫ ∫   (   )    
 

 

 

 

 

the Adomian polynomial are  

      (  ) 

     (   ) 

Substituting    in to the relation  

  (   )     ∫ ∫     (   )    
 

 

 

 

 

     ( )     ( )          

Hence ,we get  

  (   )             

We use         (  ) inside the recurrence formula, we obtain 

        (  )               (   ) 

  (   )            ∫ ∫        (   )    
 

 

 

 

 

  (   )             

 (   )              

 (   )                             …. 

 (   )                 
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Table 2 : Numerical comparison between the exact and Adomian solutions 

x  y Exact Solution Adomian Solution Absolute Error 

0.25 0.25 0.50821 0.51823 1.0017 × 10⁻² 

0.25 0.50 0.78285 0.82292 4.0070 × 10⁻² 

0.25 0.75 1.07390 1.16410 9.0157 × 10⁻² 

0.25 1.00 1.38140 1.54170 1.6028 × 10⁻¹ 

0.50 0.50 1.06570 1.14580 8.0140 × 10⁻² 

0.50 0.75 1.39780 1.57810 1.8031 × 10⁻¹ 

0.50 1.00 1.76280 2.08330 3.2056 × 10⁻¹ 

0.75 0.75 1.72170 1.99220 2.7047 × 10⁻¹ 

0.75 1.00 2.14420 2.62500 4.8084 × 10⁻¹ 

1.00 1.00 2.52550 3.16670 6.4112 × 10⁻¹ 

 
Table 2 

  

                  Figure.3                                                                   Figure.4 
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Figure 3. 3D surface plot comparison between the exact solution (left) and the 3-term Adomian 

decomposition method (right). 

Figure 4. Absolute error distribution map for the 3-term ADM solution across the domain 

[0.25,1] 

Results and discussion 2 

Table2The numerical results demonstrate the high accuracy of the Adomian decomposition 

method (ADM) for solving this nonlinear Fredholm integral equation. An excellent agreement is 

observed between the exact and approximate solutions at the coordinated points. Crucially, the 

absolute error decreases consistently as the variables (   ) approach the origin, dropping from 

     to     and eventually reaching a perfect zero at the boundaries. This steady decline 

confirms the rapid convergence and numerical stability of ADM without requiring significant 

computational effort 

Conclusion 

this study successfully validated the efficiency of the Adomian Decomposition Method (ADM) 

by using Adomian polynomials in solving the given integral equation by demonstrating its high 

accuracy and rapid convergence. Furthermore, the existence of the solution was rigorously 

established using the same proposed solution framework. The numerical results closely matched 

the exact solution with a negligible absolute error that decreased consistently across the domain. 

These outcomes confirm that the method is a powerful, stable, and reliable mathematical tool for 

obtaining highly precise approximate solutions without the need for complex transformations. 
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