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Abstract

This study presents a comparative thermoelastic analysis of a nonlocal porous solid
subjected to a moving internal heat source. The mathematical model is developed based
on three generalized thermoelastic theories: Coupled Dynamics, Lord-Shulman, and
Green-Lindsay. Eringen's nonlocal elasticity theory is incorporated to account for
small-scale effects. The governing equations of motion, heat conduction, and void
distribution are derived and solved analytically using Helmholtz decomposition and
normal mode technique. Numerical simulations are performed to examine the influence
of the nonlocal parameter, thermal relaxation times, porosity, and heat source velocity
on the distributions of displacement, temperature, volume fraction, and stresses. The
results demonstrate that nonlocal effects and thermal relaxation times significantly
modify the physical fields. The findings provide valuable insights for the design of
micro-structured materials and sustainable infrastructure subjected to dynamic thermal
loading.

Keywords: Nonlocal elasticity, Porous media, Moving internal heat source, Coupled

thermoelasticity, Lord-Shulman theory, Green-Lindsay theory.
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List of symbols

O Components of stress tensor

e Components of strain tensor

A, 1 Lame s constants

a, Coefficient of thermal expansion = (34+2u)e, such that
8 Kronecker delta, i,j =x,y

a,b,&,m,,m,y Material constants due to the presence of voids

o, Density

Cy Specific heat at constant strain

i Imaginary, i = J-1

w Complex time constant

a Wave number

ny, n, Parameters

7y, U, Thermal relaxation times,

K Thermal conductivity,

T, Reference temperature is chosen so that |(T -T,)/T 0| 01,
¢ Change in the volume fraction field,

0 Moving internal heat source

0, Magnitude of an internal heat source

Vo Velocity of moving internal heat source

£€=q,e€, a, an internal characteristic of length and e  constant of a material

1. Introduction

Thermoelasticity is an important topic in solid mechanics and has garnered significant
attention from scientists and researchers due to its practical implications in
engineering and infrastructure. The classical coupled theory of thermoelasticity C-T
was introduced based on Fourier's law, which leads to the paradox of infinite thermal
wave speed (Chandrasekharaiah, 2023).

To overcome this limitation, Lord and Shulman (1967) proposed a generalized theory
with one relaxation time. Later, Green and Lindsay (1972) introduced another
generalized theory with two relaxation times. These theories have been widely applied

to study thermal shock problems in various materials (Kumar, 2026; Singh, 2024;
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Youssef, 2025).

With the development of nanotechnology, Eringen's nonlocal elasticity theory has
become essential for studying micro and nano-structured materials (Eringen, 2023;
Lim & Yang, 2024). The nonlocal parameter plays a crucial role when the
characteristic length is comparable to the internal material length (Ebrahimi et al.,
2024).

Porous materials have gained significant attention due to their applications in civil
engineering, biomechanics and sustainable construction (Biot, 2024). Several
researchers have studied thermoelastic problems in porous media. Sharma (2023)
investigated wave propagation, while Othman (2025) analyzed the effect of voids.
Abbas (2025) used FEM for moving heat source problems. However, most existing
studies considered only a single thermoelastic theory and neglected nonlocal effects.
Despite these efforts, there is a lack of comparative studies on nonlocal porous solids
subjected to moving internal heat sources using Coupled Dynamics ( C-T), Lord-
shulman (L-S) and Green-Lindsay (G-L) theories simultaneously. Therefore, the
objective of this paper is to derive the governing equations and compare the three
theories for practical applications (Chen & Wang, 2024; Lata, 2024; Abo-Dahab,
2025).

2. Formulation of the problem and basic equation

Consider a homogeneous, isotropic, nonlocal porous solid in the xy-plane subjected to
a moving internal heat source. Using Eringen's nonlocal model (Eringen, 2023), the

stress-strain-temperature relations are:

ou o 0 ou o
1-¢°V’ )o, =[AM(—+—)+bp— p(+v, —)TIS, + u(—+—), i.j =1,3. (1
(1-g°V)o, [(é,x é,y) 9-p( oat)],, u(dy ax) J (1)
where v, = 0for C-T (chandrasekharaiah, 2023), v, = 7, for L-S (Lord 7& Shulman,

1967), and 7, = v, for G-L (Green & Lindsay, 1972).

The equations of motion and heat conduction for porous media follow the formulation

by Biot (2024) and OTHMAN (2025):

¢ ar

uViu+ (2 +ﬂ)—+b - pa+ —)V——( -&’V )p 8 7 ()

BV S 2E ¢ ~po, DW= 1=V p S 3
dy ot oy 6

The equation of voids is
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) 7 0 0
aV ¢—be—§¢—a)0b7f+m(1+uoa)T=(l 'y )pz@?, 4

The heat conduction equation,
2, 0” 3 d . d M d B
KVT =pC,(1+7, E)T + BT, (1+n,7, E)e +mTy(1+n,7, E)¢—p(l+n0‘ro E)Q . ()

The components of stress tensor are

(1-£°V?)o,, = (5—”+—)+2 2—“+b¢ ,B(l"‘Uo—)T ©)
X
0 0 0
(1-¢°V7)o,, = (a”+—) 2ﬂé+b¢ p+oy T, (7)
ou
(1-¢°V’ )o,, 1(7 a)- (3)

For simplification, the following non-dimensional variables are used:

* *
), ), o
(xiyieh=—"@xre, Wy)=——@uv), o, =-"0,,

c, ¢, ‘ Y7
T . . .
¢':0)1/¥0¢ T'=_ t’=601t, Q':%, 12:/14_2/'!’ Cl)lzpCECI,
T, o, P k
2
* * c
U, =00, 1,'=0,7,, Q'=— 50.
kTOCU1 (9)
From Eq. (9) in to Egs. (2)-(5) we get
d o oT ou
Viu +E, 5 +E, af Ey(1+0v —)——E (1~ 52v2)6t—2, (10)
2
ViV +E, 5+E S¢ E;(1+u, 3)6—T=E4(1 52v2)a—;, Y
V2p-Ese—E E8¢E1+ T =Eq(l- 22¢ 12
¢ 6f— a +Eg( Yo > ) o(1—¢°V ) (12)

2 0 0 B 0\ A.
gvT _E10(5+nofo&_2)¢_52(5+n07081_2)e_(E'FTO&_Z)E—EH(I"'HOTOE)Q' (13)

Also, the constitutive Egs. (6)-(8) reduces to

0 0 0 0
(1-2v2)o . =E12[—u +a_yv]+2a_u +Eyp=E(1+0, 20T, (14)
ou ov 0
(1- 82V2)gyy = 12[8x +—]+25+E2¢ E;(1+ v, = —)T, (15)
ov ov
(1-¢ )o,, (ay ax) 2(8x X (16)
Where
b 2 2 2
Elzl—hua E, = C*lz > Eszﬂa E4:&’ E5=b_Z’ Eg :% ’E7=a)()c1
H Hw, ¥ H H a am xa,
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mT,y pely me; W A Ko
Ey= - JEg = 1 JEy = 1*2 aAllz_l’Alzz_aglz 21 .
a a peea, y Ce H pe,ce pce

We define displacement potentials y, and y, which relate to displacement

s &5 =

components ¢ and Vv as,

L_ow oy, Oy, oy,

, ; (17)
ox oy oy ox
e=Vy,, and (_-%Yy_v2y, (18)
oy Ox
By substituting from Eq. (18) in Egs. (10)-(13), this yields
2
[+ E V> —E (I- 52v2) ]1//1 +E,¢—E;(1+0v, —)T 0, (19)
[VZ—E,(Il—¢ =0, (20)
2 2 0 2.0 o* 0
ot ot? ot
o d o d o d
= &G TN VY (o g~ VT~ T = (g 2 (22)

3 Normal mode analysis
The solution of the considered physical variable can be decomposed in terms of normal

modes as the following form

[uaV’T ’V/lal//2’¢9o-ij ]()C sV 9t) = [M_DV’T_JPDWZ’&’&U](J})exp[i (a)t +ax )]a (23)
0=0explion -a), 0=0y, (24)

Where [it,v,T R ,1/72,¢7 ,&71(v ) are the amplitudes of the function.

Substituting Egs. (23) and (24) into governing Egs. (19)-(22), then we have,

(D> -S,)W, +S,6 -S,T =0, (25)

(Dz -S)w, =0, (26)

~Es(D* —*) +85)7, +(SsD* =S4)§ + Sy = 0, 27

S11(D* —a* W7, =S 1,4 + (D> =S15)T = E 1 1S14v 0Qy- (28)

Where,
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Szaz—E4a)2S _Ay g _E(+inw)
S, * 52’ ’ S, ,

2 2
aS¢+E,0

Se=(1-F q0’°&?), S; = , Sg =(1-E q0’&?),

6

—e (i — 2

€
E, (io—nytyo®) ga° +iw—n,ry0* l1+n,7y0
R 0%0 g -4 0%0 § - 0%
12 = > P13 = > D14 = .
& & &

Eliminating 7, ¢ and y, between Egs. (25) - (28), we get
[D° ~AD*+BD* ~CH{7 ). ¢ (). )} = E 11514 Q,» (29)

1
where A :S—(S9 —ES,+85,8:+8:8 575550
8

|
B :S_(S3S9 +S9Sl3 +S10S12 _E5S4S13 _E5S5S12 +S3S8SIS +S4S10S11

8

~8:8,8, ~ES,a’ =S 8S,a°),
1
C :S_(S3S9S13 +85,5,651, _SSS4S13a2 —EsSS, a’ +S4510511a2 _5559511612)‘

8

The solution of Egs. (29) and (26) have the form

7,0) = ZM L. (30)
$(y)= ZHI,,Mne"‘”’ -L, (31)
T) = 2 H,Me™ - . (32)
V72 (y) = M4eﬂy , (33)

Where, M, (n=1,2,3) are some constants, k; are the roots of the characteristic
equation of Eq. (29).
To obtain the components of the displacement vector, substituting from Egs. (30) and

(43) in Eq. (17), then

3
I/T(.y) = (ZiaH3nMne_kny -T”M4€_’y) _L4 ’ (34)
n=1
3
vy) = Q. -k, H, M, e™ -iarM e )-Ls;, (39)
n=1
Also, the constitutive Egs. (14)-(16) reduces to
3
U_xx (y) = ZH5nMne_kny +L6 ’ (36)
n=1
3
OTJ’)’ (y) = ZHGnMneikny +L7 s (37)
n=1
2
G, =Q H,Me™" —rM,e™ +Lj. (38)

n=1
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Where,
[Sip(ky =S5)+8,S5(k,; —a®)] . = Sy (k2 —a®)+S,H,,
Uy =S3)Ssk,} =Sg)+ S, E sky —a®) " " (ks =Si5)
H;, =ia, H, =-K,,
_[SpGaHy, -k Hy,)+2iaHs, +EH,, -EsH,, (1+ig0)

In —

H
o [+&X(a*-k2)
H. = [SiGats, -k, Han) =2k yHap +EsH,, -E3H,, (1+10,0)
o [+ X~ k2) ’
E 11514v (Q -F
H,, =iaH,,-k,Hs,, Fp :S—O’Ll :70(S8S13 =8455),
8

_F -F .
L, :?O(SHSS —S85813), L3 :70(5105 =8381), Ly=ial;, Ls=-k,L,

:Elz(iaL4 +E2L2 —E3L3(l+il)0a)) I :Elz(iaL4 +E2L2‘E3L3(1+i00a))
1+ &%a? ’ ’ 1+¢&%a? ’
Ly =0, B =(S,55,+5,5,5,)-a*(S,S, +8,,, +5,5.)+a’S,,.

Ls

4 Boundary conditions
To determine the unknown constants appearing the general solution, we impose a set

of boundary conditions at the surface y=0 of the half -space.

The following conditions are considered:

(i) Thermal condition

The boundary surface is subjected to a prescribed temperature distribution:

T (x,0,t)=fe™, (39)

(ii) voids condition

The voids volume fraction is assumed to have zero gradient in the y-direction at the
surface:

gy—¢(x, 0,t)=0 (40)

(iii) Mechanical condition - Normal traction
A normal mechanical load is applied on the surface:
o,, (x,0,t)= -j‘zei(wtmx) (41)
(iv) Mechanical condition - shear traction
The surface is free from tangential stress, i.e:
Oy (x,0,t)=0. (42)

Here, f,and f, are constants.
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By substituting the general solution into the boundary conditions specified in the previous
section , we obtain a system of 4 algebraic equations for the unknown constants
M, (n=1,2,3,4).his system can be expressed as:

3 3 3 3
ZH3nMn:_fl+L3’ ZHlnMn :L2’ ZH6nMn:_fZ_L7’zH7nMn:_L8’ (43)
n=l1

n=1 n=1 n=1

Equating (43) can be written in matrix from as:

M) (Ha Hxno Hyo 0) e,
M, |Hu Hip Hiz 0 L,

M| |Hq He He 0| |F L]
MJ\ny Hn Hp

5 Numerical results and discussion

To examine the influence of different physical parameters, numerical calculations

were performed for a copper-like material. The material constants employed in the

computations are:

A=79x10" Nm?>, u=778x10" N..m>, K =386w.m 'k,

a, =1.78x107°k ", p=8954kg.m™,C, =383.1J kg 'k ', T, =293K.
B=2.68x10°N /m*deg, @ =3.58x10"/s, y=1.753x10"m?*, &=1.475x10"N /m?,
b=16x10"N/m>, a=3.688x10"N, m=2x10°N/m*>deg, x =0.01,

@, =0.0787x10°N /m’s, t =0.01, o=¢,+i¢, ¢,=03, &=-04,a=0.9,

fi=1 f,=-1 7,=005s, v,=050,=05K, y,=10mg",0<y <4.

The numerical scheme was applied to evaluate the real parts of the displacement

components u and Vv, temperature T, volume fraction field ¢ , and stress

o

components o,, ,0,, ,

L Oy based on the three generalized thermoelastic theories: CT,
L-S, and G-L. Two parametric studies were conducted:
Case 1: Effect of Heat Source

Figures 1-6 present the variations for two values of the heat source () ,=0.5,0.1)at
6‘:0.1, VOZIO.

Figure 1 shows that the horizontal displacement u starts with its maximum

at the surface and decreases to zero with increasing y. Increasing the heat source from
0,=0.1to Q= 0.5 significantly increases the magnitude of & . The G-L theory yields
the highest displacement, while the L-S theory gives the lowest values. All cues decay
to zero at large distances, satisfying the boundary conditions. Figure 2 illustrates the
variation of the vertical displacement V with distance y. The displacement exhibits oscillatory

behavior near the surface. For 0 /= 0.5, the amplitude of oscillation is significantly larger
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than for () =0.1, indicating that increasing the heat source enhances the mechanical

response. L-S theory shows the most pronounced minimum at y = 0.5, while G-L theory gives

the highest positive peak. All cues damp to zero for y >2, satisfying the far-field boundary
condition. This confirms that the disturbance is localized .and decays with distance.

Figure 3 shows that the temperature T, attains its maximum value at the surface y = 0
and decreases sharply to vanish within y < 1. The temperature profile for O /= 0.5lies
above that for O /= 0.1, demonstrating the direct effect of the heat source magnitude.

The three theories, CT, L-S, and G-L, produce nearly identical cues, with very small
differences visible only near the surface. The rapid decay to zero indicates the finite

speed of thermal wave propagation in generalized thermoelastic theories.

0.3

Fig. 1 Distribution of the displacement component u with distance y for two values
of heat source at £ =0.1, y ,=10, # =0.01.

o.15

0.2
) 0.5 1 1.5 = 2.5

Fig. 2 Distribution of the displacement component v with distance y for two values
of heat source at £ =0.1, y ,=10, # =0.01.

1.z

oal
ool

al

AN
- N ]

0.2
')

Fig. 3 Distribution of temperature 7 with distance y for two values of heat source at
¢=0.1,y,=10, £ =0.01.

Figure 4 presents the variation of the volume fraction field ¢. The field starts with

negative values near the surface, reaches a minimum around y = 0.3 - 0.5, and then

increases to approach zero at large y. Increasing () from 0.1 to 0.5 leads to a deeper

minimum, showing that higher thermal loading causes greater contraction. L-S theory
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exhibits the largest magnitude of ¢, while G-L theory shows the smallest. All cues
converge to zero for y > 1.5, confirming the satisfaction of boundary conditions.

Figure 5 depicts the normal stress component o, . The stress shows a peak near

y =0.5 followed by a decay to zero. The magnitude of stress is considerably higher for
0 ,=0.5, compared to O ,=0.1. CT theory predicts the highest stress peak, followed
by G-L and then L-S theory. The stress becomes negligible for y > 2, indicating that the
mechanical effect of the heat source is conned to a region close to the surface. The
results demonstrate strong coupling between thermal and stress fields. Figure 6 shows

the variation of o, with distance. The stress starts with a maximum at y=0 and
decreases monotonically to zero at large distances. For O o, = 0.5, the stress values are
higher than for O ,=0.1. Interestingly, for (0 ,=0.1, the three theories almost

coincide, while for O , = 0.5, CT theory gives the highest values and G-L gives the

lowest near the surface. The smooth decay to zero for y > 3 confirms the physical

consistency of the results.

0.01

o
-0.01 =,

-0.02 P\

= -0.03

-0.0a -\

-0.05 -

-0.06 -

-0.07
o 0.5 1 1.5

<N

Fig. 4 Distribution of volume fraction ¢ with distance y for two values of heat
source at £ =0.1,  , =10, r =0.01.

f\ CT \Qo=0.5

I / N —————L-S \QO0=0.5
f G-L \Qo=0.5
CT \Qo=0.1 ||
L-S \Qo=0.1
G-L \Qo=0.1 ||

2 M ho N
=T

o.8f
o6 7/
0.4

0.2

——

o
o 0.5 1 1.5 2 2.5 3 3.5 a

y

Fig. § Distribution of normal stress o, with distance y for two values of heat

source at £ =0.1, y , =10, # =0.01.
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Fig. 6 Distribution of normal stress o, with distance y for two values of heat source
at £=0.1,y,=10, t =0.01.

General Conclusion for Figs. 1-6

General Conclusion for Figs. 1-6 An increase in the heat source parameter ()  leads to

an enhancement in all physical quantities. The effect is most visible in displacement
and stress components. All fields satisfy the decay condition and vanish at large
distances, which validates the .numerical solution.

Figure 7 shows that u has a maximum value at (y = 0) and decays exponentially to zero
with increasing y. For ¢ =10 ", the (L-S) theory gives the highest displacement,
followed by (C-T) and (G-L). When & =0.6, all curves shift downward, indicating that
increasing ¢ reduces nonlocal effects and decreases displacement. The (G-L) theory is
the most sensitive to changes in ¢. All curves converge for y > 3, showing that the
effect of ¢ vanishes far from the source. Figure 8 shows that v starts with a sharp
negative value at y = 0, then increases to a positive peak around y = 0.2 and decreases
gradually to zero. For &=1( ", the( L-S) theory gives the highest peak, while for
£ =0.6 the three theories are very close. Decreasing ¢ increases nonlocal effects,
leading to larger amplitude of v. For y > 2.5 all curves converge, indicating that the
influence of & becomes negligible far from the source. Figure 9 shows that T starts with
a maximum value at (y = 0) and decreases sharply to reach zero at y = 0.5. After that,
it remains almost constant. The three theories (C-T), (L-S), (G-L) give nearly identical
results for both £ =10 ", and & =0.6. This indicates that the nonlocal parameter &
has a minor effect on temperature distribution. The rapid decay reflects the wave nature

of heat propagation in generalized thermoelastic theories.
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CT £=10715
T L-S £=10715
-LL e=10715

o

arng
ho
n 0
[
9o

[
|
(<2

o 0.5 1 1.5 2 2.5 3 3.5 a
y

Fig. 7 Distribution of the horizontal displacement component ©# with distance y for
two values of ¢ aty =10, Q =0.5,7=0.01.

o.os

o.06 [~ sz
o.0a

o.o=

= o

—o.0=z

—0.04

-o0.06

—o.os

o o5 a s =

Fig. 8 Distribution of the vertical displacement component v with distance y for
two values of ¢ aty =10, Q =0.5,7=0.01.

1.2

T e—10715

ook
\

o.e

-
ol ]
02\\\\ ,
ol —

-o.2
o

Fig. 9 Distribution of the temperature 7" with distance y for two values of ¢
aty =10, Q =0.5,7=0.01.

Figure 10 shows that ¢ starts with a large negative value at y = 0, then increases to a
positive peak around y = 0.3 before decaying to zero. For £ =1() ", the (L-S) theory
gives the highest peak, while (G-L) gives the lowest. For & =0.6, all curves shift

downward and the amplitude decreases. This indicates that increasing & reduces
nonlocal effects and leads to a significant reduction in volume fraction. All curves
converge to zero for y > 2, confirming that the effect of voids diminishes far from the

source. Figure 11 shows that &, starts with its maximum value at (y = 0) and decreases
monotonically to approach zero as y increases. For € =1()", the (L-S) theory gives

the highest stress, followed by (C-T) and (G-L). For £ =0.6, all curves shift downward

significantly, especially (G-L) which gives the lowest values. This confirms that
increasing & reduces nonlocal effects and leads to lower stress magnitudes. All curves

converge at large y , indicating negligible effect of ¢ far from the source.
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CT £=10715
———"L-S &=10715
G-L £=10715
CT &=0.6
L-S e=0.6

b & b N o N » 0

r r r r r G-L =06
o 0.5 1 1.5 2 2.5 3 3.5 a
y

Fig. 10 Distribution of volume fraction ¢ with distance y for two values of ¢
aty =10, 0 ,=0.5,7 =0.01.

CT e=10715
0.3 1 ~——L-S £=10715
G-L £=10715
———CT £=0.6
L-S £=0.6
G-L £=0.6

e c e c c e
0.5 1 1.5 2 2.5 3 3.5 a

Fig. 11 normal stress o, versus y for two values of ¢ aty =10, 0 =0.5,¢=0.01.

Figures 12 to 17 illustrate the 3D distributions of displacement, temperature, volume
fraction field, and stress components under Green-Lindsay theory. It is clear that all the
physical quantities show wave-like behavior along the x direction due to the effect of
the moving internal heat source. The values of displacement, temperature, and stresses
reach their maximum near the source region and then decrease gradually with
increasing x and y until they vanish at large distances. All the functions are continuous
and satisfy the physical boundary conditions.

It is also observed that the porosity and the nonlocal parameter have a significant effect
on the distribution of all the field variables. The results obtained under Green-Lindsay
theory indicate finite speed of thermal wave propagation and higher sensitivity to

thermal effects.

Fig. 12 3D variation of the displacement u with the variation of x , y .

Fig. 13 (3D) variation of the displacement component ¢ with the variation of x ,y.

Fig. 14(3D) variation of the stress distribution &, with the variation of x , y

Fig. 15(3D) variation of the stress distribution 0, with the variation of x , y.
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5. Conclusion

This paper investigates the nonlocal thermoelastic response of a porous solid subjected
to a moving internal heat source. The governing equations are formulated and solved
analytically using the normal mode technique within the framework of three
generalized thermoelastic theories: C-D, L-S, and G-L.

Numerical results for a copper-like material are presented to examine the influence of
the moving heat source speed and the nonlocal parameter on the distributions of
displacement components, temperature, volume fraction field, and stress components.
Based on the obtained results, the following conclusions can be drawn:

1. The moving heat source and the nonlocal parameter have a significant effect on all
physical fields. Increasing the heat source speed and the nonlocal parameter leads to an
increase in the magnitudes of displacement, temperature, volume fraction, and
stresses.

2. The three theories predict different behaviors. The L-S and G-L theories exhibit
greater sensitivity to thermal and nonlocal effects than the C-D theory.

3. All computed field variables satisfy the physical condition of vanishing at infinity,
confirming the consistency and applicability of the present solution.

In conclusion, the present study demonstrates that nonlocal effects, material porosity,
and the speed of the moving heat source must be taken into account for accurate
prediction of the thermoelastic behavior of porous materials. The obtained results are
of importance in geophysics, structural engineering, and other applications involving
porous media subjected to moving thermal loads.
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