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Abstract:
the main objective of this study was introduce certain new subclasses of analytic function

defined in the open unit disk U = {z eC :z|< 1}, By using a new generalized derivative

operator D/flojlf and using differential subordination which are defined by means of the
Hadamard product (or convolution). and In this paper we investigate various inclusion
properties of these subclasses.
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1- INTRODUCTION AND DEFINITIONS

Let A denote the class of functions of the form given by f (z ) =z +Zanz ". which are
n=2

analytic in the open wunit disk U on the complex plane C . Let
S.,S° (a),C (a),K (a)(O < a <1) denote the subclasses of 4 consisting of functions that
are univalent, starlike of order &, convex of order ¢, and close - to- convex of order o in
U ,respectively.

In particular, the classes S™(0)=S", C(0)=C and K (0)=K are the familiar classes of
starlike, convex and close-to-convex functions in U, respectively.

DEFINATION 1 : If we have the open unit disk U = {z eC :|z | <1}. A function f €T (x) is

called a function with negative coefficient. Now (x),, denotes the Pochhammer symbol (or the

shifted factorial) defined by

_T(x+n) 1 forn =0,x eC{0}. |
(), = I'(x) B x(x +1)(x +2)....(x +n—1) forneN and x €C. M
For numbers a,b,c other than 0,—1,-2,.... the hyper geometric function

lb b 1 2 ® n
2F1(a,b;c,z):1+%i+“(“+ )b(® + )Z_+”.:Z(a)n(b)n 2
c 1! c(c+1) 21 ~ (), @n-D!

where (x), denote the Pochhammer symbol which defined by (1)

Note that ,F (a,b;c,z) converges absolutely for all z eU so that it represents an
analytic function in U, then we obtain
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z,F (a,b;c,z)=z +i(a)zc“)(b)”" (nz_”l)' .

Also an incomplete beta function 4 (a,c,z) is related to Gauss hypergeometric function

z ,F [(a,b;c,z)as h(a,c,z):z F 1(l,az,c,z )

We note that 4 (a,1,z )= ,where & (2,1,2 ) is Koebe function.

Let
kll (Z ) = z a’
(1-2)
where a is any real number. It is easy to verify that k =z +Z((cll))" -Lz". Thus
n-1
( *f (Z) Z+Z(a)nl
(l)n 1

Let NV denotes the class of all functions ¢ which are analytic, convex and univalent in U,

with normalization ¢(0)=1 and R (¢ (Z )) >0 for z eU. Making use of the principle of
subordination between analytic functions, Darus and Al-Abbadi (2009) introduce
subclasses S (#).C (#),andK (¢,y) of the class A for ¢,y N , which are defined by

S*(¢)={feA Zf(( )) € )mU}
C (4)- {f cd 1+f(( )) bz )inU},

K(¢,l/l)={f €A :EIgeS*(¢) st. A (Z)-<l//(Z)il’lU}

For ¢(z)=w(z)=(1+z)/(1—z) in the definitions defined above, we have the well-
known classes S*,C and K, respectively. Furthermore, for the function classes S [4,B ]
andC[A4, B] investigated by Janowski, it is easily seen that

S*(HAZ j:s*[A,B] (-1<B <4 <1),
1+ Bz

C 1+A4z
1+ Bz

j:c[A,B] ((1<B <A <1).
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Definition 2: (Ruscheweyh 1975) For a function /' in 4 , the Ruscheweyh derivative
operator D°: 4 — A , is defined by

DY ()= ) (051 V),

where * stands for convolution, and which implies that

If f is given by
f2) =z 520 (2)

then we see that

D"f(z)=z +§c(m,n)anzn, 3)

We have recently introduced a new generalized derivative operator D/'{l:jf is defined by

A.Lsheli and M..alargat (2021).. Now by generate the operator which can be written as
following:

Dishf (z)=0"7 (2)* R (2).(z €U) “)

where k,6 €N, ={0,1,2..}, B2 a>0,4,>2,>0 and R°f (z) denotes the Ruscheweyh

derivative operator which given by (1.7.1). Note that ¢ kff (z )is the analytic function

given by (4)
Now if f is given by (2), then we easily find from the equality (4) that:
k
+ n 1) A
DYeh =z + ! c(o,nyaz", (zeU), 5
5 )z o ) SN s (e <0) g

where k,a,BeN, :{0,1,2,...},ﬂ2a >0,4,>4>0,5>0,and
+0-1
c(6,n)= " =—F(n+5) .
5 [(n)T(5+1)
Let us remind the well known Carlson-Shaffer operator L(a,c) associated with the
incomplete beta function % (a,c;z)defined by

L(ac):4—>4,
L(a,c)f (z):h(a,c;z)*f (z), (z eU),

where

acz Z+i )
cnl

ais any real numberand c ¢z, z, ={O,—1,—2,....}.
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Now by using the new generalized derivative operator Df} :Z’f; , we introduce the following
classes of analytic functions for g,y eN ,f2a>0,4, 24 20, 06=0and k,a, B eN,.

S S 5B ={f ed DL (2)eS (4))

CLeh@)={f ed :Di5Af (z)eC (4)),

K Fohgw)={f ed :DLSAf (2)eK (b))
In particular, we set

1+A4 a
f,’i’ﬁ(—HBj )=S [ "[4,B] (-1<B <4 <1),
, 1+A4z k.a.p
Clh e =C 48] (F1<B <4 <)),

In this paper, we investigate several inclusion properties of the classes S f;’;f ()]

C f:ﬁ’ﬁ(@ and K f;’;f (@,w). we first state some preliminary lemmas which shall be

used in our investigation.
2- PRELIMINARY RESULTS
To establish our results, we recall the following:

Lemma 2.1 (Ruscheweyh & Sheil-Small 1973) If /' €K ,g €S, then for each analytic
function ¢ in U,
% U _
( *¢g)( ) coop(U),
(f *g)©)
where cog(U ) denotes the closed convex hull of ¢(U ).
Lemma 2.2 (Ruscheweyh1982) Let O<a<c . If ¢ 22 or a+c >3, then the function
= (a
h(a,c;z):z +Z()—”lz" (z EU),
n=2 (C )n—l

belongs to the class C of convex functions.

3- INCLUSION PROPERTIES
Our main results are the following:

Theorem 3.1 f (z)eC ,7%(¢) ifand only if z/ (z) €S [ 1%().

Proof: Consider

Dy (2)=h5hf (2)*f (=), ©)
where
0 na+(l’l—1)naﬂ1 k
hﬂﬁ:ﬂg’f&(z)zz +;{nﬁ+(n—l)nﬂﬂz} c(8,n)z". 7)

By the definition of the class C f;;/; (#) and using the well-known property of convolution

z (f *g)‘(z):(f *zg')(z ),we have
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k,a,ﬂ z "
feC /{]{Z(ﬂi(¢)<:> 1+ ( /j]a ﬁéf((z )))) = ¢(Z ),

o e <)
L ) G

& zf (2)eS ;159
Theorem 3.2 LetgeN, f2a=20,4,2420, 6,26,20 and 6,,5,,k,a,feN,. If
0,21 or 6,+06, 21, then
zkjjéf (PcS fﬂjéj (9).

Proof: We suppose that f €S 11';2", 5’; (#). Then there exists an analytic function Uin w
with |w (z )| <1 (z €eU) and w (0)=0 such that

2D (2)

Ds ()

Where ¢ is analytic and convex univalent with ¢(0)=1 and Re (¢(z )) >0, (z eU),we

:¢(w (z )), (z eU). ®)

set
Dl (2) =D (2)*w [ (=),
where
(6, +D,,
Z(5 +1), ,
We get

(DS (2 )z S (2)*y [ (2)]
Dihf(z)  DLAS(2)fwl(2)
WQ(z)*[z(Diz%f(z))]
‘/’52(2 *D, s (2)

5(2)%¢
=WZ(L (w | o

S (> >
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where p(z)zDﬁ:z’ﬁn (z )

It follows from Lemma 2.2 that j (Z ) € C and it follows from the definition of the class

S 57(¢) thatp(z )eS . Therefore applying Lemma 2.1 to (9) we obtain

(v () o0 ()pj)
— ccogp(w U ) co(U). (10)

Since ¢ is analytic and convex univalent. Therefore from the definition of subordination
and (10), we note that (9) is subordinate to ¢ in U and consequently f (z) €S 41", Z:ﬁ (9).
This completes the proof of Theorem 3.2.

Theorem 3.3 Let 9N ,f2a20,4,2420,6,26,20 and 6,,0,.k,a,feN,. If
then o,+0,>1,0r 0,21
C @) eC Lt

15256, A,4,6;

Proof: Let f(z)eC J;ﬁ"‘,;{j (¢#) we want to show f (z)eC llk, ﬂ’:‘,’g (#). Applying Theorem

3.1and Theorem 3.2 we observe that
f(z)eC 5@ <zf (z)eS L (9)
413%4,6, 41524,0, ’
! k,a,p
=zf (z)eS P (9,
of(z)eC 1 0(9).
A48,
Theorem 3.4: Let peN,f>2a20,4, 24 20 and 6,,6,,k,a,f €N, then
(i) S 5@ S g
(i) C iB(p) =C ()

Proof: We suppose that /' (z)€ S l’jjj@(gzﬁ). Using similar arguments as in the proof of

Theorem 3.2, and set
+l,a, S, (SI
DY @)=D 5 @) ¢y [ (2),

where
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We obtain

2Dl @) = [Pans G ) ()]
DUGH G D@y (=)

A,75,0

v (z)*2 (D fE5f @)
v (2)*D fihf @)

V(=) (=) ()

= - . (11)
v (z)*p(z)

Where p(z)=D f”Z’g f (z) and w is an analytic function in U with |w (z )| <l (z €eU)

and w (0) =0. It follows from the definition of the class S ;**%(¢4) that p (z ) €S’ and by

MoAy 0
classical results in the class of convex, the coefficients problem for convex

n®+(n-1)n“A

<1since 4, >4 >0, and #>a>0 so we find ¥ 7eC. Hence
nﬁ+(n—l)nﬂﬂ,z 224 p Vh

a,|<1, and

here

it follows from applying Lemma 2.1 to (11) that

v () elw ())p}U)

W (z)*pU)

ccop(w (U)) = p(U). (12)

Since ¢ 1is analytic and convex univalent, and from the definition of subordination and

(12). Thus (11) is subordinate to ¢ in U and consequently f (z)eS " Ifijﬁ (@) .

1066



A NEW SUBCLASSES OF ANALYTIC FUNCTION

(i) Let f (z) eC [ “"(4). We shall show f (z)eC ";}g’j@s) By applying Theorem 3.1,

Ay 0
and Theorem 3.4 , we have

f(2)eC i@ 2f (2)eS ,15(9),
=zf'(z)eS (),
=/ (2)eCL59).
Theorem 3.5: Let g N ,f2a>20, 4, 24,24 20 and k,5 eN,, then

S LEAP S L),

Proof: Let /' €S f’f;’f;’ (#). Applying the definition of the class S f”;’;’,’g (#), then set

k,a, k.a, k.,a,p
D ihf @) =D i @) (2),s

where

n=2

k. 2| n®+(n-1)n“4, ‘ )
74 %’z(z)zz +Z{nﬂ+2n—1;nﬂﬂ3} z", (Z EU).

And by classical results in the class of convex, the coefficients problem for convex
la,| <1, and here

{n”‘+(n—l)n"%2

k
<l,since ., >4 >0,and f>a>0.
nﬁ+(n—l)nﬂﬂg} Ghi P

so we get ¢ :’f (z ) eC. After that, using the same arguments as in the Theorem 3.4 we

obtain the desired result.

Theorem 3.6 Let peN,f>2a>0,4,>24,>4 >0 and k,5 N, then
S w s @ S 559

Proof: Let f(z)eS gg@ (#), applying the definition of the class S ggg (#), and set

ke, B k., k.o,
D i f (2)=D 05 f @)y 7 (=)
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v () =z +§[”a+(”‘l)’“% } 2", (= eU).

n’ + (n - 1) n’ 2,
And using the same arguments as in the Theorem 3.4 we obtain the desired result.

Corollary 3.7 Letthen k,6eNj,and ¢eN,f2a20, 4, 21,2420
(1) CA25@) =C L 25(@).
(i1 )C 55 = C L 55(@).

Taking

_1+A4z
1+ Bz

#(z)

(-1<B<A<lzeU).

In Corollary .3.7 and Theorems.3.5 and.3.6 we have the following Corollary.

Corollary 3.8 Let f>2a >0, 4,24, 24 20 and k,0 €N, then

S eA.B]eS 4.8, (F1<B <4 <1),

A29,0 ,23,0

c "“’l4,BlcC 7[4,B], (-1<B <4 1),

A,4,0 A,4,0

5 0LABJes ML), (158 <4 <1),

c l4,.B]eC [ i[4,B], (-1<B <4 <1).

4- CONVOLUTION RESULTS

The next theorem shows that the classes S :Z’ﬁ (¢) and C :”:’ﬁ (¢) are invariant under

convolution with convex functions.

Theorem 4.1 Let peN,f2a2>20,4,24 20 ,k,6eN, andlet g €C. Then
(i) €S, (@)eer s, (9),
(i) £ eC () g C L T(9).
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Proof: (i) We begin by assuming f € s ‘ ) AQ 5 (¢) and g €C. Inthe proof we use the same

techniques as in the proof of Theorem 3.2.

Let

z (Dk 2P (Z ))
DZ,Z’f (z)

:¢(w (z )), (z €U)

and
p(z)=D;%0% (2)-
Using the following equality
25000 (2) = (2 e ) (=),
from (6) we write

[0yl (e )](z) = [k
DLi(e* (=) AL

_g(E)* o ))re)
 g(2)*pE) 7)

Consequently g *f €S " Ay, 5(¢)

(i) Let f €C : ’Z’ﬁ (¢) Then by Theorem 3.1 and from Theorem 4.1 (i), we have

feC :,Z’ﬁ(qﬁ)@zf (z)eS j;f(;é)
=g*zf (2)eS 7 (9)

= z(g*f) S (9)
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