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Abstract
This work studies the Cauchy problem for the non-linear logarithmic Schrédinger
equation (LogSE) incorporating damping and an external force:
iu+Au+ulin(ful?))+iyu=f
in the Sobolev space H'(R) with the initial condition u(0) = up in H'(R). We investigate the
local well-posedness (in the sense of Hadamard) of the Cauchy problem. To handle the
logarithmic nonlinearity u In(]u|?), which presents a singularity at the origin, a rigorous
functional framework based on Sobolev space properties is established. The analytical
approach relies on classical fixed-point theory (Banach fixed-point theorem) to establish
the existence and uniqueness of solutions.
Keywords: Cauchy problem, Logarithmic Schrédinger equation, Damping, Sobolev spaces,
Local well-posedness, Banach fixed-point theorem.
1 Introduction
The nonlinear logarithmic Schrodinger equation, presented with damping and an
external force, is written in the following form:

iug+Au+uln(Ju?)+ iyu = f.
(1)
Here, the unknownisu : R, X R, — C, where u is a complex-valued function. In the
following, we denote u(t) = u(t,.) € H*(R). The parameter y € R designates the
damping coefficient of the system, while the function f represents the external force,
assumed to belong to the space L?(R) and assumed to be independent of time t. This
equation (LogSE) is a variant of the classical Schrodinger equation [2, 3], characterized
by a logarithmic restoring force. From a physical point of view, it is introduced to model
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dissipative quantum mechanics phenomena [6, 11], supersymmetric quantum
mechanics [12, 13], as well as wave propagation in nonlinear optics [9, 15]. The
nonlinearity introduced by the term u In(Ju|?) presents a singularity at the origin
(whenu = 0), which requires a rigorous functional framework based on the properties
of Sobolev spaces [2], and bifurcation analysis [11]. We define the Cauchy condition
associated this equation by:

u(0) = u, in H'(R).
(2)
The aim of this article is to establish the local well-posedness (in the sense of Hadamard)
of the Cauchy problem of (1) for the initial condition (2). To do this, we exploit classical
techniques based on the Banach fixed-point theorem, inspired by fundamental works on
the regularity and asymptotic behavior of solutions to Schrédinger equations [1, 4, 5, 7,
8, 14].
2 The Cauchy Problem
We study the Cauchy problem associated with equation 1, with xin R.
For a given uy and in HY(R) and T < 0, we introduce the space E =

C([0,T ]; H* (R)) equipped with the norm
llull = [S(}’lg”(u(t))”Hl.

For f € L?(R), we set Fe(u) = uln(|u|? + €), equation (1) can be written in the
following form
iug +Au+Fe(u) +iyu = f
(3)
Dividing equation (3) by i, we obtain
U + —iAu — iFe(u) + yu = —if.
(4)
Thus we have
u; + (—iA+ y)u = —i(f — Fe(u)).
(5)

Integrating equation (5) over [0, t], we obtain the mild formulation of the equation
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u(t) = e Ky, — ifote‘(t‘S)K F(u(s))ds,
(6)
Suchthat K = (y — iA),F(u(s)) = f - Fs(u(s)).
We can write equation (6) in the following form
u(t)=U®)uy — i fot U(t —s) F(u(s))ds,
(7)
For y = 0, U(t) is a unitary group. For positive y and positive t, U(t) is a contraction
semi- group with norm exp(— t).The equivalence between (1) and its Duhamel
formulation (7) is classical; we refer to [10]. We set

G(u(t) ) =U(Ouo — i [, U(t — ) F(u(s))ds,
(8)
Proposition 1 . For a given u, in HX(R), there exists a local solution u €
C([0,T ]; H1(R)) where T is a decreasing function of ||ug]| 4z -
Proof. We begin by proving some lemmas regarding the logarithmic term Fe(w).
Lemma 1. For u in L?(R), we have

IFe(u)ll 72 < c llull 72 .
Proof. Let u € H1(R). Thanks to the Sobolev embedding of H(R) into L*(R),
we have
lull e < c.
Therefore, we have
IFe(ll 22 < [|u(x) In(Ju(x)|? + £)|? dx

< JTuC@)? In(lu@)|? + &)|* dx

JIu(@)|? (ce)? dx

<
2
< cHuHﬁ.

Lemma 2. For u in H(R), we have
In(lul? + o)l < cllullja.
Proof.

ILn(jul® + &)ll7: = lnClul® + e)llfz + l9an(ul* + )i

2 Re wou||?

|lul2+¢

2
<ce IulPllz +

LZ
2 2 2
< ¢ llullfe llulliz + ce lloull;:
3 2
< ¢ llullzlloullz + ce llullz

4
< cllully: -
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Lemma 3. For u in H(R), we have
IFelly < cllull}a.
Proof.
IFellyr < llullyrllun(ul? + &)l
< c llullgllullfs

3
< c [[ully.

Lemma 4. Foruin H? (R), we have
| uFe()ly2 < cllullfs.

Proof.
| uFe(Wllyr < c(llulle IFelgr + llull g2 IFeCu)ll o)
< cllullge llullfa* el [IFeu)lle
< cllulle llulls +c

1 1
lullgr IFeII7 IFe(u)l,

1 1
2 2 3
¢ llullf, Nullq lullgs + ¢ llullge

IA

IFe(Wll 1

1 1
2 2 3 3
¢ lullf o fhullfallullys + e llullye llully

IA

<c ||u||:1

Lemma 5. The mapping G is well-defined from E into E.
Proof. We control G in the H norm

||G(u(t))||H1 < U@ ugllge+ |f0t U(t—s) F(u(s)) ds”H1

< ||U(t)u0||H1+||f0tU(t — 5) Fe(u(s)) ds”H1 +||f0t Ut —

s) f(x) ds” )
H ’
as U(t) is contractive on H1(R), we then have

U@ uollar < lluollyr < T
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We estimate the norm in H1(R) of

t

j U(t—-s) Fs(u(s)) ds.

0
We have

fot | Ut = s)Fe(u(s)) || . ds
fot || Fe(u(s)) ||H1 ds

t
¢ fyllu(s)lz ds
<cCJT.

”fot U(t—2s) Fa(u(s)) dS”H1

IA

IA

It remains to estimate the norm in H*(R) of
t

f U(t —s) f(x) ds,
0
We have

fyUte=9)fCds = (fu(t—s)ds) F&)

= (fy e~ ds) £
= K71(Id — e7 ) f(x).
Lemma 6. The operator K1 is bounded from L?(R) into H(R).
Proof. We assume that
Kw=f
K =(y —id)
Then
yw —iAw = f.
(9)
Multiplying ( 9) by w , we integrate by taking the real part of this equation
Yy Re [lw|*> —Re [iwAw = Re [ fw,
ylIwll?z + Im [iwAw = Re [ fw,
Integrating by parts, we have
y Wiz < IFllzlwll 2.
We deduce that

2 IfI, 2
iz <22

Multiplying ( 9) by w, we integrate by taking the imaginary part of this equation

vy Im lel2 —Refv_vszlmffv_v

Integrating by parts, we have
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2
IVwllzz < [I£ 1l 2 llwll 2

We deduce that
7N, 2
IVwllZ2 < [If Il —*
Thus
LI, 2
Y < —L=
IVwll,z <=
We obtain
Wz e
Wl < +
Y VY
C
< ZIflle.

From which w = K~1f, we deduce that

_ c
WK Nl < ZAf Nl

According to this lemma, we obtain
t - -
|Lue=9rcods| = 1K0d = e flln
< K™ fllga(ldllgr + lle™™ 1)

<2 K7 fllun
< ¢y llfllpa-
We choose Cj such that ¢y ¢ , < @ We deduce that
||G(u(t))|| 1S5 =+ cC3T.
We choose T such that cC3T < E'

We obtain

l6@)ll,. < ¢

Then we have
IGllp < ?OugllG(u(t))llHl < Co.

This completes the proof of Lemma 5.
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Lemma 7. The mapping G is contractive on bounded subsets of E.
Proof. Let u,v € B(0,Cy,) < E with

I G(u(®) — G(v(D) llya= I fOtU(t—s) (F(u(s)) — F(v(s))) ds Il

=|| fot U(t—s) (—if + iFe(u(s)) +if — 1 Fs(v(s))) ds Iyt

=1l fot Ut —s) (Fs(u(s)) — Fs(v(s))) ds Il

</ ”(Fs(u(s)) — Fs(v(s)))”H1 ds

< [ llu(nlul? + &) — v In(|v]? + &)l 42 ds

< fotu IIn(Jul® + &) — In(Jv|* + €)] (u — v) In(|v|* +
&)llyrds t

< [, (lullg2 Mn(lul? + &) = In(Jv|? + &)]l=) ds

+[5C Nl = vllgaliin(lv]? + &)ll,») ds

< ¢C3 [lu — ||y ds.
We then obtain
t
I G(u) — G(V) llg < cC3 |lu — vllEfds
0

<cC3T lu—vlg.
We choose T such that cCg’T < 1, Therefore, G is contractive on bounded subsets of E.
By the fixed-point theorem, there exists a unique u.in E which is a mild solution of 1
such that G (u) = u, ,hence a unique solution u, of equation 1 on [0, T ] with values in
B(0, Cy).

Passing to the limit. The sequence (u;).~¢ is uniformly bounded in the space
L*(0,T; H*(R)) we have
lluglle < C.

By the Banach—Alaoglu theorem, we obtain VT > 0, u, — u weakly * in
L*(0,T; H'(R)).
By the local compactness theorem, the embedding of H(R) into L?,.(R) being
compact, we obtain the strong convergence u, — u strongly in L2(0,T ; H*(R)).
us(x,t) = u(x,t)
a.e.on[0,T].
We have

Fe(u,) = un(lugl? + €).

By continuity of the logarithm function on ]0, +oo [, we have

Fe(u,) = un(|Jugl? + €) » F(u) = uln(Jul?).
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Conclusion. Passing to the limit as ¢ — 0 in the integral equation satisfied by u,.
t

u(t) =U)uy — i f Ut — s)(Fs(ug(s)) + f) ds.
0

We deduce that
t

JU(t—s)(Fe(ug(s))+f) ds = JU(t—s)(F(u(s))+f) ds.
0 0
Thus

u.(t) - u(t).

This concludes the proof of Proposition 1.
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