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Abstract: in this paper, we define a new generalized multi- parameter differential
operator. This operator generalize many well-known operators studied earlier by
famous authors. Also, new subclasses of starlike and convex functions will be
introduced based on the new operator. Further, some general properties for the new
subclasses will be studied.
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1.Introduction

Assume that given two analytic functions f, g in Uwhere U = {z:z € C,|z| < 1} and
f@)=z+Xy, a2z, g(z)=z+Y,-, byz",then the Hadamard product (
or convolution) which is denoted by (*) of these two functions f, g is defined as
follows

fD+ 9@ =)@ =2+)  anbps"

And for several functions f;(z),.., fm(z) € A4,

fl(Z) * ok fm(z) =z+ Z?lozz (aln-'amn)zn , zeUl.
since A is the class of functions that are analytic in the open unit disk

U=1{z:z € C,|z| <1} and of the form

f@ =2+ auh, &

Now, we let
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z A+ 1)z (A + 2,z

= - ) lﬂ' Z A Z 0 )
0:(2) 1—Z+ (1—2)? 1-z 2 !
z Az Az
= - > .
Q)Z(Z) 1 _ + (1 _ Z)Z 1 _ Z’ AZ = 0
Then we get the function
zf3 zp3

En = 0:1(2) * ...x 0,(2)

wm~times (1 — z)2 (1-2)? " am—times

=z+ [(Br)* + (Bn)* (A4 + A2)(n — D]™2", (2)

NgE

2

Wherem,a E Ny =NU{0}, B =1, A, =1, =0.

S
1l

Also, we can get the function

G = 02(2) * ... x 02(2)

“m-—times

=z+ Z [1+2,(n—1)]™z", A, =0.

n=2

And

-1 _ N 1 n
Gm (z)—z+; [1+/12(n_1)]mz .

Then, by using the convolution we get

Gl () [ =24 ) e 3

n=2

In 1975, Ruscheweyh [6] defined a differential operator of the k*order of f as
follows

Rff(z) =z + z c(k,n)a,z®, R¥:4- A

n=2

Werez € U,n € Ny, and

_ T(n+k)
c(k,n) —W,k > 0.

Using the series given by (2), Ruscheweyh differential operator and the convolution

given by (3) we define our new generalized differential operator G/{?’f{‘;kﬁ as follows:

Definition 1.1: for f € A, the new generalized differential operator denoted by
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G/{’ll:f{;’fﬁ:A S>A
is defined as follows
Gy 5 = Fn(@) * REF(2) % G (2) * f (2)

If f(z) is given by (1), then we find that

had a a A ). _ 1 m
GZﬁfﬁf (2)=z+ Z I(,Bn) ! iﬁr)/lz((;jl)z)(n )l c(k,n)a,z". (4)
n=2

Wherem,a e Ny=NU{0}, B =1, k=0, 1, =4, =0.

We assume that

M. = (B + (Br)%(A; + 2)(n — D™
no 1+,(n—-1)

So we can write the operatorGﬂ’jf;kﬁf(z) as follows

Gﬁj‘fﬁf(z) =z+ z My c(k,n)a,z™
n=2

Remark. Special cases of this new generalized operator include

i. the Salagean differential operator[7] in the case
G f@ =STf() =2+ ) nMay
n=2

ii.  Al-Oboudi differential operator [2] in the case

L Grif@ =Sl (@) =z+30, [L+An—D]"ayz". A =1

iii . Ruscheweyh differential operator [6] in the case

i G f(@) =Rf(@) =243, clkn)a,z™
. m,x
2.Some Relations for G/11, A0

Some relations for the differential operator (4) are discussed in the following lemma.
Lemma 2.1. Let £ €4 | then
a) Gy%° .f(2) = f(2)

1312



Antisar Ali Derbal 3 ) 2alaa a glall 5 LAl Alaa

b)) Goorf(2) =zf'(2)

Proof:

w (B +(Bn)* (A1 +2,) (n-1)1°
a) G,{)ﬁg pf(2) =2+ +30, - 1:112(”1_1)2 = c(0,n)a,z"

=Z+Yn=2 @nZ" = f(2).

(an)'+an)1(0+0)(n-1)]*
b)  Goorf(@) =z+3T3, [ . 1+T;(n_1) | c(0,n)a,z"

=Z+ Yoy Nayz" = zf'(2).

3. New subclasses.

Starlike functions and convex functions are both classes of analytic functions that have
a wide range of applications in complex analysis. These classes of functions are often
of interest to many authors and researchers in the field. Recently, many works were
done by many authers about these functions and other functions see [1], [3] and [4].
In 1936, Robertson[5] introduced the classes S*(a),C(a) of starlike and convex
functions of order , @, 0 < @ < 1, which are defined by

zf'(2)
f(2)

S*(a)=lf€A:Re{ }>a,0$a<1,zEUl,

zf" (2)

C(a)—[fEAR {1+ )

}>a, 0<a<l, zEUl

by making use of the generalized derivative operator (4) we introduce the new
subclasses Sy, (41,42, B, k; w) and Gy, 4 (41,45, B, k; w) of analytic functions as
follows:

Definition 3.1. Let f(z) €A, 0 < w < 1. Then f(2) € Sp, (41,42, B, k; w) if and
only if

re { 26! (Z)]'} o,

K
Gl (2)

Wherem,a e Ny=NU{0}, B =1,k=0, 1, =1, =0.
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Definition 3.2. Let f(z) €A, 0 < w < 1. Then f(2) € C;,o(A1, 42, B, k; w) if and
only if

[ lonsir@l])

(6t r o]

)

Wherem,a E Ny =NU{0}, B =1, k=0, A, =1, =0.

Now, general properties of these new classes will be studied.
4.General Properties of S;, ,(11,4;, 8, k; w) and Cp, (A4, 4;, B, k; w)

In this part, we study the characterization properties and the growth theorems for
the function f(z) € A to belong to the new classes by obtaining the coefficient bounds.

Theorem 4.1. Let f(z) € A. If

z (n— ) Myc(k,n)lay| <1— o, (5)

n=2

0 < w < 1Then f(2) € Spa(A1, 42,6, k; w) . The result (5) is sharp.
Proof: assume that the inequality (5) holds. That means

[0e]

Z (n—w)Mpyc(k,n)|a,| <1—-w

n=2

Multiplying both side by 2 we get

o)

z (2n —2w) M,c(k,n)|a,| < 2(1 — w)

n=2

Andsince 2n —2w)=(Mn—-1)+ (n—2w + 1)
Then

co

Z (n —1) Myc(k,n)|a,| + Z (n =20 + 1) Myc(e,n)|ay] < 2(1 — w),

n=2 n=2

and
(e}

Z (n—1) Myc(k,n)|a,| < 2(1 — w) — Z (n— 2w + 1) M c(k,n)|ayl,

n=2

where

1314



Antisar Ali Derbal 3 ) 2alaa a glall 5 LAl Alaa

M = (B + (Br)*(A1 + 1) (n — D™
no 1+ 2,(n—1)

using the above inequality along with the triangle inequality |z| < 1, we can bound the
following complex modulus expression:

2 (G () — Giinsf ()
2(Chinpf (@) — (2w = 1G5, 4f ()
_ Yoy (m—1) Myc(k,n)a,z"
T 2A-w)z+ 32, M—2w+1) Mc(k,n)a,z"

< Yo, (m—1) Myc(k,n)layllz™ !
T20-w) =X, m=-2w+1) Myc(kn)la,llz|* T

- Yooy, (m—1) Myc(k,n)a,l
T2l-w)-YY, m—-2w+1) Myckn)la, ~ "’

then

.,k
G pf (@)

Therefore f(z) € Sy, o(A1, 42, B, k; W)
The proof is complete.

o {Z[Gﬂj’;’,‘ﬁf <z>]’} »

We note that the assertion (5) is sharp and the extremal function is given by

1-—
(1-w) n s

&) =2 e N cem? "

Corollary 4.1. Let the hypotheses of Theorem (4.1) be satisfied. Then

|an|S (1_0)) ,VnZZ
(n — w) M,,c(k,n)

Corollary 4.2. Let the hypotheses of Theorem (4.1) be satisfied. Then for
m=1 w=a=A4=4,=k=0

1
Ianlgﬁ vn=2.

Theorem 4.2 : let f(z) € A. If
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o)

Z nn—w) Myc(k,n)|a,] <1 - w, (6)

n=2

0 < w < 1.Then f(z) € Cpq(41, 42, B, k; w) .The result (6) is sharp.
Proof. Assume that the inequality (6) holds

o

z nn —w) Myc(k,n)|a,| <1 - w,

n=2

Multiplying both side by 2 we get

[0e]

Z 2n(n — w) Myc(k,m)la,] < 2(1 — w).

n=2
And since 2n(n —w) =n(n—1) + n(n — 2w + 1)
Then

Z [n(n—1) + n(n — 2w + 1)] M,c(k,n)|a,| < 2(1 — w),

n=2

Z n(n —1) Myc(k,n)|a,| + z nn —2w + 1) M,c(k,n)l|a,]|
n=2 n=2

<2(1-w),

By shifting the second summation to the right hand side, we establish the core
inequality needed for the absolute bound:

o)

Z n(n — 1) M,c(k,n)|ay|

n=2

<2(1-w)-— Z nn—2w + 1) M,c(k,n)|a,]|.

n=2

To prove that f(2) € Cp, o(A1, 42, B, k; @), we must show that the complex modulus
of the structural quotient is bounded by 1 inside the open unit disk |z| < 1:
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elessr]]
[Gretor@)]
26t of )|

——— (2w —1)
|G sf (@]

<1,

By finding [G]5,f ()] , z[Gy5¥s £ (2)] and |2[ G5, f(z)]']', the absolute value

become

S, nn—1) Mue(kn)a,z!
20-w)+Xr, nn—-2w+1) Myc(kn)a,z+1
< 52, nm—1) Muc(kn)la,l
T 20-w)—YXy, nn-2w+1)M,ckn)la,|l —

Hence

Ny |26 s r @] .

G5 of (Z)]I

Then f(z) € Cp 0 (A1, 4, B, k; w). This complete the proof.

The result (6) is sharp and the extremal function is given by

fo(z) =z — d-w) zZ" n=2
n(n — w) Myc(k,n)

Corollary 4.3. Let the hypotheses of theorem (4.2) be satisfied. Then
(1-w)

lan < nn — w) M,.c(k,n)

In the following, growth theorems are introduced
Theorem 4.3. Let the hypotheses of theorem (4.1) be satisfied. Then for z € U
and 0 < w <1,

w
|z|?

w
2 m,a
|z|* < |G/11’/12,ﬁf(z)| <|z| + o

Id—z_w
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Proof: by using theorem (4.1) we can verify that

(2 - w)z M,c(k,n)|a,| < Z (k —w) Myc(k,n)|a,| <1-w,
n=2 n=2

then

N (1-w)
nZz Myelkmla| < s

Now, we can write

|G f(2)] =

z+ Z M,c(k,n)a,z"
n=2
Appling the triangle inequality for|z| < 1

GRkf @ <tz + ) Myclemlanlizl™ < 21+ 121 ) Mac(kmlay|
n=2 n=2

a-o) e

S|Z|+(2_w) z

The other assertion can be proved as follows:

>lzl= ) MucClmlanlzl"
n=2

|Giea, 6f (D] = |z + Z Myc(k,n)a,z"
n=2

21zl =12 ) Mac(hk,m)lay|
n=2

(1-w)
(2 - w)

> |z| — |z|2.

This completes the proof.

In the same way we can get the following result.

Theorem 4.4. let the hypotheses of theorem 4.2. be satisfied. Then for z € U and
0<w<1

(1-w)
212 < |G/ f (@) < Nzl + |]?

2(2 — w)

(1-w)

=3 —w

Also, we have the following results
Theorem 4.5.let the hypotheses of theorem 4.1 be satisfied. Then
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(1-w)
> _ 2
@21 - Gy
And
(1-w)
< 2
@I <1+ Gy
Proof: in virtue of theorem 4.1 we have
Z (n—w) Myc(k,n)|a,| <1-w,
n=2

Since 2 —w) < (n— w) and Myc(k,2) < M,c(k,n) foralln = 2,then

(2 — w) Myc(k, z)z la,| < 2 (n — ) Myc(k,m)|ay| <1 — o,

n=2
also
C (1-w)
P
. (2—0)) M2C(k,2)
n=

Thus we obtain

(0]

<lzl+127 ) layl

n=2

If ()] =

co
z+ Z a,z"

n

N

(1-w)

2
Z =) Myt 2)

<|z| +

The other assertion can be proved as follows

(o]

zZ— E a,z"
n

=2

(0]

21zl =127 ) " layl

n=2

If ()] =

(1-w)
(2 —w)M,c(k,n)

> |z| — |z|2

This completes the proof.
In the same way, we can get the following results.

Theorema4.6. let the hypotheses of theorem 4.2 be satisfied. Then forz € U , we have

(1-w)
f@)] 2 |zl = == z|%,

2(2-w) Myc(k,2)

And
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(1-w)

2 — w) Myc(k, 2) lzI*

F@D)] < 12l +5
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